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� Key to Symbols and Notation
WLOG = Without Loss of Generality

nPr � Pr
n � P�n, r� �  Number of Ordered Ways of Choosing r things from a set of n things.

nCr � Cr
n � C�n, r� � �

n
r
� � Binomial�n, r� �  Number  of  Unordered  Ways of  Choosing  r  things

from a set of n things.
n� = n Factorial
�  = Natural Numbers
� 0 � � � �0	 = Non-negative Integers
�  = Integers
� � � � � �0	  = Integers Take Away 0.
�  = Rational Numbers
� � � � � �0	 = Rational Numbers Take Away 0.

Problem #1

� Show that r �3, 4� � 8
Counterexample attached at end with no Blue K3 or Red K4 thus showing that r�3, 4� � 8.
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Problem #2

� How many ways can one color  K4 with two colors?

� a) the vertices are distinguishable.

In this case since the vertices are distinguishable so are the segments connecting them.  Since there
are 6 connections in a complete K4, and each may be colored red or blue independantly, then the
possible number of configurations are 26.

� b) the vertices are indistinguisable

Call  the colors pink and violet.  We may choose to color 0, 1, ...�, 6 of  the connections to be pink
and the rest are then violet.  For a given p number of pink connections, two colorings are distinct if
any only if  the multisets P, Q containing the number of  pink colorings at even vertex for the first
and second coloring scheme respectively are distinct, ie P � Q.  We may observe that by symmetry
under change of colors p = 6 - p, so we only need to count till p = 3. which is easily done.

p � 0, of course admits only the solution �0, 0, 0, 0	
p � 1, allows only the solution �1, 1, 0, 0	
p � 2, permits the solutions �2, 1, 1, 0	 , �1, 1, 1, 1	
p � 3, permits the solutions �2, 2, 2, 0	 , �3, 1, 1, 1	, �2, 2, 1, 1	

In each case the multiset  is a non-negative collection of  numbers totalling 2 � p.  Clearly 3 is the
maximal  number of  connections from any vertex, but other configurations are also forbidden from
the fact that a vertex can't connect to itself  or connect to other vertices more than once each.  Thus
by exploited the symmetry of p � 6 � p, we find that the total number of configurations is 11.

Problem #3

� Chapter  3 - #11
Consider first the number of atheletes picked to play line from the two who might play either line or

backfield.  Call  them n.  Thus we have 

�
�� 2
n


�
��  ways fo choosing these two.  




�
��

8
7 � n




�
��  ways of choosing

the  remaining  line  players  and  



�
��
5 � �2 � n�

4



�
��  ways  of  choosing  the  backfield.   So  there  are

� n� 0
2 �


�
�� 2
n


�
�� �




�
��

8
7 � n




�
�� �




�
��
5 � �2 � n�

4



�
��  ways to pick the football team.
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�
n� 0

2

Binomial � 2, n� � Binomial �8, 7 � n� � Binomial �5 � � 2 � n �, 4�

1400

Thus 	  1400 possible football teams.

Problem #4

� Chapter  3 - #21

� a) How many different routes are possible for him?

Well  it is immediately clear that since the office is 9 blocks east and 7 blocks north then he must
travel  a minimum of  16 blocks to reach it, and if  we assume that he does not travel  more than 16
blocks then it simply becomes a matter of whether he goes north or east from any given square.  So
we have to consider  all  the permutations of  ways to go north 7 times and east  9 times.   Or  by
Therorem 3.4.2, we have 16�













7� �9� .

16 �
����������������
7��9�

11440

� b) How many pathes can he take not going through the square 4 east and 3 north.

He can get  to that  square in 7�













4��3�  ways and then get  to the end from there in 9�













5� �4� ways so he is
eliminating 7�













4� �3� � 9�













5� �4�  possible paths.  Hence he now can get to work in 16�













7� �9� - 7�













4� �3� � 9�













5� �4�  ways.

16 �
����������������
7��9�

�
7�

����������������
4��3�

�
9�

����������������
5��4�

7030
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Problem #5

� Chapter  3 - #26
There are a number of  ways in which one can remove 2 items from this set S � �3 � a, 4 � b, 5 � c	
and then 10 permute the remainder.  Considering the six ways one can choose to leave out pieces
we have  that the number of ways is equal to 10�




















1� �4� �5� � 10�



















2��3� �5� � 10�



















2� �4� �4� � 10�



















3� �2� �5� � 10�



















3� �3� �4� � 10�



















3� �4� �3�

10 �
�����������������������
1��4��5�

�
10 �

�����������������������
2��3��5�

�
10 �

�����������������������
2��4��4�

�
10 �

�����������������������
3��2��5�

�
10 �

�����������������������
3��3��4�

�
10 �

�����������������������
3��4��3�

17850

Problem #6

� Chapter  3 - #30
This question first asks how many 12-combinations of pastries you can make with infinite supplies

of each type.  This is given by 



�
��
12 � 6 � 1

12



�
�� .

Binomial �17 , 12 �

6188

Assuming you buy at  least  one of  each then you are actually  only interested in the combination

possibilities for the other 6, which are 



�
��
6 � 6 � 1

6



�
�� .

Binomial �11 , 6�

462

Math475-2b.nb 4



Problem #7

� Picking a random number in 1, 2, ...�1010, what is the probability that it 
has 6 as a digit.
If we identify numbers with less than 10 digits with having preceeding 0's and identify 0000000000
as the 11 digit  number  1010,  then there are 1010  possible numbers we can pick  and 910  ways to
choose numbers never using a 6, so that there must exist 1010 � 910 numbers which do contain a 6
in some digit.

10 10 � 910

6513215599

Problem #8

� Chapter  3 - #31
Clearly  we want  to  perform  a change of  variable so  that  all  terms are  �  0.   Since we have
x1 � 2, x2 � 0, x3 � � 5, x4 � 8,  we  will  choose  y1 � x1 � 2, y2 � x2, y3 � x3 � 5, y4 � x4 � 8.
This  changes  the  equation  to  y1 � y2 � y3 � y4 � 25.   Which  implies  the  number  of  integral

solutions are 



�
��
25 � 4 � 1

25



�
�� .

Binomial � 25 � 4 � 1, 25 �

3276

Problem #9

� Chapter  3 - #33

� a)  How many choices of k sticks are there from n?


�
��
n
k


�
�� , Duh!
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� b) I f no two of the sticks can be consecutive?

Consider yourself to have two classes of  objects, chosen sticks and not chosen sticks.  Clearly you
have k of  the former and n � k of  the latter.  We can however think of  this as a set of  n � k ones
being divided into k groups, a la the integer solutions problem.  However by requiring that no two
chosen sticks be consecutive is the same as insisting that each group except the first and last be non-
empty.   Thus  � i� 1

k xi � n � k,  x1, xk � 0  and  xi � 1, � 0 
 i 
 k  becomes

� i� 1
k yi � n � k � �k � 2� , yi � 0 � i.  Which we know has 




�
��
n � k � �k � 2� � k � 1

n � k � �k � 2�



�
�� = 




�
��
n � k � 1

n � 2



�
��

� c) How many choices are there if there must be at least l sticks between each pair  of 
chosen sticks?

Using  the  same  logic  it  converts  to  a  question  of  � i� 1
k yi � n � k � �k � 2� � l,  which  gives




�
��
n � k � �k � 2� � l � k � 1

n � k � �k � 2� � l



�
��  = 




�
��
n � �2 � l� � k � 2 � l � 1

n � �1 � l� � k � 2 � l



�
��  = 




�
��
n � �2 � l� � k � 2 � l � 1

k � 1



�
�� .

Problem #10

� Chapter  3 - #35
Assuming the students are distinguishable.

Start by distributing the lime and lemon drinks to differant students.  There are 4 ways to give the
lime and then 3 remaing ways to give out  the lemon drink.   Then give one orange drink  to the
remaining two student.  Now you have to consider the ways of distributing the remaining 8 orange

drinks, which are 



�
��
8 � 4 � 1

8



�
�� .  Hence there are 4 � 3 �




�
��
8 � 4 � 1

8



�
��  ways to distribute the drinks.  

4 � 3 � Binomial �8 � 4 � 1, 8�

1980
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