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� Key to Symbols and Notation
WLOG = Without Loss of Generality
BWOC = By Way of Contradiction

nPr � Pr
n � P�n, r� �  Number of Ordered Ways of Choosing r things from a set of n things.

nCr � Cr
n � C�n, r� � �

n
r
� � Binomial�n, r� �  Choosing r things from a set of n things.

n� = n Factorial
�x1 x2 ... xn� = 1-line notation for the permutation of n elements.
�x1 x2 ... xm� = a permutation cycle of m elements.
� x1, x2, ...�xk � = multiset of k elements.
�x1, x2, ...�xl � = set of l elements.
�x1, x2, ...�, xn� = ordered n-tuple.
	  = logical OR

  = logical AND
�  = such that
a � b = a divides b
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Problem #1

� Chapter  6, #21
By Forumla 6.5, Dn � �n � 1���Dn� 2 � Dn� 1�, 	 n 
 �3, 4, 5, ...�

On combinatorial grounds its obvious that Dn 
  �  since it is something which is counted.  Thus for
n � 3andnodd, the above formula include a factor of  the even number �n � 1�, hence Dn  is even.
D1 = 0, which is also even.  Thus Dn is even for all odd n.

For n � 3 and n even, the above forumla tells us that �n � 1�  is odd and Dn� 1 is even.  Thus Dn is
even iff Dn� 2 is even.  However, D2 = 1, which is odd.  So by induction on even n we have that Dn

is odd if n is even.

Thus Dn is even iff n is odd.  QED.

Problem #2

� Chapter  6, #24(a) &  (b)

� (a)

Applying theorem 6.4.1 and partitioning the forbidden places into sets A1, A2, A3  containing the
forbidden point from columns 1 & 2, 3 & 4, and 5 & 6 respectively, we need only compute the rn's.

r1 = 6

r2 = �
3
1

�*0 + �
3
2
�*2*2 = 12

r3 = �
3
1

�*0 + �
3
2
�*2*0 + �

3
3
�*2*2*2 = 8

r4 = 0

Thus the number of ways this may be done is 6� � 6 � 5� � 12 � 4� � 8 � 3� = 

6� � 6 � 5� � 12 � 4� � 8 � 3�

240
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� (b)

Applying theorem 6.4.1 and partitioning the forbidden places into sets A1, A2, A3  containing the
forbidden point from columns 1 & 2, 3 & 4, and 5 & 6 respectively, we need only compute the rn's.

r1 = 12

r2 = �
3
1

�*2 + �
3
2
�*4*4 = 54

r3 = �
3
1

�*0 + �
3
2
� �

2
1
�*2*4 + �

3
3
�*4*4*4 = 112

r4 = �
3
1

�*0 + �
3
2
�*2*2 + �

3
3
� �

3
1
�*2*4*4 = 108

r5 = �
3
2

�*0 + �
3
3
� �

3
2
�*2*2*4 = 48

r6 = �
3
3

�*2*2*2 = 8

Thus the number of ways this may be done is 6� � 12 � 5� � 54 � 4� � 112 � 3� � 108 � 2� � 48 � 8 = 

6� � 12 � 5� � 54 � 4� � 112 � 3� � 108 � 2� � 48 � 8

80

Problem #3

� Chapter  7, #3

� (a) fn is even iff 3 � n.

Of course fn � fn� 1 � fn� 2, 	  n � 2, with f0 � 1, f1 � 1.

Consider  modulo  2.   fn  is  even  iff  fn� 1 and fn� 2  are  both  even  or  both  odd.   For  n � 3,
fn� 1 � fn� 2 � fn� 3  which implies that  they are both even iff  fn� 3  is even.  By induction, they are
both even iff fn is even 	  n.  This is false since f0 � 1.

Thus  we  need  that  fn� 1 and fn� 2  are  both  odd.   This  implies  that  fn� 1 � fn � fn� 1  and
fn� 2 � fn� 1 � fn  are both  odd,  and  hence that  fn� 3  is  even.   We know  that  f3 � 2  is  even,  it
therefore follows by induction that fn is even if 3 � n.  Since the two preceeding numbers to an even
number must be odd, we can therefore conclude that fn is even iff 3 � n.  QED.
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� (b) fn is divisible by 3 if and only if 4 � n.

Of course fn � fn� 1 � fn� 2, 	  n � 2, with f0 � 1, f1 � 1.


  fn� 2 � fn� 1 � fn � 2 � fn � fn� 1 � 3 � fn� 1 � fn� 2, thus if 3 � fn then 3 � fn� 4.

If 3 � fn and3 � fn� 1, then by the inductive logic above, 3 � fk, 	 k, which is false.

If  3 � fn  and 3 � fn� 2,  then since fn� 2 � fn � fn� 1  that  implies 3 � fn� 1,  which is impossible by the
above statement.

The fn, fn� 3  case is the same as fn� 4, fn� 3,  because 3 � fn  � 3 � fn� 4  and thus covers by the first
conditional.

f4 � 3

Hence 3 divides every 4th  fibonacci  number and can't divide the numbers in between.  Thus fn  is
divisible by 3 if and only if 4 � n.  QED.

� (c) fn is divisible by 4 if and only if 6 � n.

Of course fn � fn� 1 � fn� 2, 	  n � 2, with f0 � 1, f1 � 1.


  fn� 6 � 8 � fn� 1 � 5 � fn, thus if 8 � fn then 8 � fn� 6.

If 4 � fn and4 � fn� 1, then by the inductive logic of part (a), 4 � fk, 	 k, which is false.

If  4 � fn  and 4 � fn� 2,  then since fn� 2 � fn � fn� 1  that  implies 4 � fn� 1,  which is impossible by the
above statement.

If 8 � fn and 8 � fn� 3, then since fn� 3 � fn � 2 � fn� 1 that implies 4 � fn� 1, which is impossible by the
above statement.

The � fn, fn� 4� and � fn, fn� 5�  cases are the same as � fn� 6, fn� 4� and � fn� 6, fn� 5�  respectively  and
thus covers by the preceeding conditionals.

f6 � 8

Hence 4 divides every 6th  fibonacci  number and can't divide the numbers in between.  Thus fn  is
divisible by 4 if and only if 6 � n.  QED.
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� (d) fn is divisible by 5 if and only if 5 � n.


  fn� 5 � 5 � fn� 1 � 3 � fn, thus if 5 � fn then 5 � fn� 5.

If 5 � fn and5 � fn� 1, then by the inductive logic of part (a), 7 � fk, 	 k, which is false.

If  5 � fn  and 5 � fn� 2,  then since fn� 2 � fn � fn� 1  that  implies 5 � fn� 1,  which is impossible by the
above statement.

The � fn, fn� 4� and � fn, fn� 3�  cases are the same as � fn� 5, fn� 4� and � fn� 5, fn� 3�  respectively  and
thus covers by the preceeding conditionals.

f5 � 5.

Hence 5 divides every 5th  fibonacci  number and can't divide the numbers in between.  Thus fn  is
divisible by 5 if and only if 5 � n.  QED.

� (e) fn is divisible by 7 if and only if 8 � n.


  fn� 8 � 21� fn� 1 � 13� fn, thus if 7 � fn then 7 � fn� 8.

If 7 � fn and7 � fn� 1, then by the inductive logic of part (a), 7 � fk, 	 k, which is false.

If  7 � fn  and 7 � fn� 2,  then since fn� 2 � fn � fn� 1  that  implies 7 � fn� 1,  which is impossible by the
above statement.

If 7 � fn and 7 � fn� 3, then since fn� 3 � fn � 2 � fn� 1 that implies 7 � fn� 1, which is impossible by the
above statement.

If  7 � fn and 7 � fn� 4, then since fn� 4 � 2 � fn � 3 � fn� 1 that implies 7 � fn� 1, which is impossible by
the above statement.

The  � fn, fn� 7� , � fn, fn� 5�, and � fn, fn� 6�  cases  are  the  same  as
� fn� 8, fn� 7�, � fn� 8, fn� 5�, and�� fn� 8, fn� 6�  respectively  and  thus  covers  by  the  preceeding
conditionals.

f8 � 21.

Hence 7 divides every 8th  fibonacci  number and can't divide the numbers in between.  Thus fn  is
divisible by 7 if and only if 8 � n.  QED.
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Problem #4

� Chapter  7, #8
Since these rabbits only breed with a single partner, you might as well  consider two pairs of rabbits
as belonging to two different enclosures.  Then each enclosure will  proceed as fn� 1 rabbits after n
months or 2 � fn� 1 total rabbits after the nth month.  

Problem #5

� Chapter  7, #12
hn � 8 � hn� 1 � 16� hn� 2, h1 � 0, h0 � � 1.

Via the standard trick goes to �  x2 � 8�x � 16 � 0 �  x � � 4.

Thus hn � a0 � n � �� 4�n � a1 � �� 4�n.

Given the boundary conditions, a1 � � 1 and a0 � 1.

Hence hn � �� 4�n��n � 1�.
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Problem #6

� Chapter  7, #16
Consider  an  n� 1  board  for  n  �  4.   Let  hn  denote the number  of  coverings of  an  n� 1  board
according to the given rules.

Suppose we fill  the first n � 1 spaces on the board with any covering, then there are hn� 1 ways of
doing this, and we can fill  the last space with a monominoe.  Suppose however that we want the
last space to have a dominoe covering it.  Then clearly this dominoe covers the next to last slot as
well.  Furthermore since no two dominoes can be adjacent, this insists that a monominoe cover the
2nd to last  square.  Now we can cover the remaining n � 3 spaces with any of  the hn� 3  possible
coverings.

Since the additional  square will  be covered by  one of  these two options we must  arrive at  the
formula that hn � hn� 1 � hn� 3.

A few simple cases can be directly computed to show that h1 � 1, h2 � 2, h3 � 3.  

Problem #7

� Magic Dice
Forbidden Rolls are �1, 5�; �2, 6�; �3, 4�; �5, 5�; �5, 3�; �6, 1�; �6, 2�

There are 36 - 7 possible ordered rolls, where 36 is the number of rolls on normal dice and the 7 is
the number of  forbidden rolls.  Forming a set of  6 ordered pairs representing roles such that all  6
numbers occur in both the first and second slot is equivalent to the attacking rooks problem, where
the ordered pair represents the coordinates on the 6� 6 chessboard.

Thus by Theorem 6.4.1 we only need to compute the rk's, where rk is the number of ways of placing
k non-attacking rooks on an n� n board with each rook in a forbidden position.

We may only place rooks on element of  each pair � �6, 1�; �6, 2��, � �5, 5�; �5, 3��, � �5, 5�; �1, 5��, in
order  to  assure  non-attacking  property.   Hence  consider  partition  of  forbidden  spaces  A1  =
� �6, 1�; �6, 2��, A2 = � �5, 3�; �1, 5�; �5, 5��, A3 = ��3, 4�; �2, 6��

r1 = �A1 � � ��A2 � � �A3 � = 7
r2 = 0 + 1 + 1 + 2*3 + 2*2 + 3*2 = 12

Math475-5.nb 7



r3 = 0 + 0 + 0 + 0*(3+2) + 1*(2+2) + 1*(2+3) + 2*3*2 = 17
r4 = 0*(1 + 1 + 3*2) + 1*(0 + 1 + 2*2) + 1*(0 + 1 + 2*3) = 12
r5 = 1

Hence the number of ways of doing this are 6� � r1 � 5� � r2 � 4� � r3 � 3� � r4 � 2� � r5 � 1� = 

6� � 7 � 5� � 12 � 4� � 17 � 3� � 12 � 2� � 1 � 1�

89

Since each throw of  the dice is independant, there are 316 different sets of  rolls.  Hence we have a
probability of 89�����������

315 =

89
����������
315

�� N

3.10872 � 10 � 6
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Problem #8

� Sums over  Products of Subsets.
Let An � �1, 2, ...�n�  and S�X�  be the set of all  non-empty subsets of X.  S�An� 1�  may be partitioned
into  two  sets  E, F  such  that  	 X 
 E, n � 1 
 X  and  	 Y 
 F, n � 1 � Y.   However
S�An� � S�An� 1� and X 
 S�An� 1� isinS�An� iff n � 1 � X.  Thus F � S�An�.

Define g�X�  over finite sets, X, of real numbers to be the product of the elements of the set.  Define
h�� � over finite collections, � , of finite sets of real numbers to be �

X
 �
�g�X�.

Thus  h�S�An�� � sn.   Also  since  E 
 F � � ,  h�S�An� 1��  =  h�E � F�  =  �
X
 �E� F�

�g�X�  =

�
X
 E

�g� X� � �
X
 F

�g� X�  = h�E� + h�F� = h�E� + h�S�An� = h�E� + sn.

Consider  X 
 E,  clearly  either  X � �n � 1�  or  � Y 
 S�An� � X � Y � �n � 1�.   Also

	 Y 
 S�An�, Y � �n � 1� 
 E.  Hence �
X
 E

�g� X�  = 
�

�
��� �
Y
 S�An�

�g�Y � �n � 1� �
�

�
��� � g��n � 1��.   However

by the associativity and commutativity of  multiplication, g will  distribute over disjoint, non-empty

sets.   So  hence �
X
 E

�g� X�  =  
�

�
��� �
Y
 S�An�

�g�Y� � g��n � 1��
�

�
��� � g��n � 1� �  =  �n � 1� �

�

�
���1 � �

Y
 S�An�
�g�Y�

�

�
���  =

�n � 1� � �1 � sn�.

Hence  sn� 1 � h�S�An� 1�� � �n � 1� � �sn � 1� � sn=  n � �sn � 1� � 2 � sn � 1.   Such  is  our  recursion
relation.
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