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Problem 1
If Aand B aretwo setsin = with A B,thenmA mB.

Pr oof

Since isa -dgebra, weknowtha C=B A ,withC A= andC A=B. HencemB
=mC A=mC+mA mA. mB mA QED.

Problem 2
Let <E,>beany sequenceof setsin . Thenm( E,) mE,.

Pr oof

By Proposition 1.2, asequence<A,>of setsin with E,= AyandA, An= , n m
Thusm( E))=m( A, = mA,. If weconstruct A, from E, according to the algorithim used
in the proof of Proposition 1.2 then we have A, E, n, and from Problem 1 therefore mA,
mE,. Hencewehave mA, mE, m( Ep mE,. QED.
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Problem 3
If thereisaset Ain  suchthatmA< ,thenm =0.

Pr oof
By Way of Contradiction (BWOC). Supposem = O, andletmA= < . A = , hence
Aand aredigoint. Thus by Property 3, m(A )=mA+m = + . ButA =A somA

)=mA= . Thus = + > . Whichisacontradiction, hencem =0. QED.

Problem 4

Let nE be for aninfinite set E and equal to the number of elementsin E
for afinite set. Show that n isa countably additive set function that is
trandation invariant and defined for all setsof real numbers.

Pr oof

Countably Additive
Weneedtoshow that digoint sequences<A>of setsin ,n( A)=  nA.

If A isinfiniteforanyithenn( A)= nA = ,sowemay aswell assumethat A isfinite .
However since A is digoint that implies that the number of elementsin A A; =nA +nA;, |
J. Thus by repeated applicationsitisclear thatn( A) mustequa  nA. QED.

Trandation Invariant
We need to show that n(A+y) =nA .

Clearly the definition of A+ y ={x +y: x A}, establishes a 1-1 correspondance between
elements of A and elements of A +y, thus A and A + y must have the same number of el ements and
hencen(A+y)=nA y. QED

Defined on All Sets of

Clearly it is in the nature of sets that they must have either an infinite number of elements or
exactly one well-defined finite number of elements so it isimpossible to construct aset on  which
does not have a unique value under operation by n. Thusall setson  are measurable by n. QED.
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Problem 5

Let A betheset of rational numbersbetween Oand 1, and let {I .} bea
finite collection of open intervals covering A. Show that I(l,) 1

Pr oof
Let (an, by) denote theinterval I, with end points a, < by,.

BWOC Suppose 0 < a,, N, then since rationals are dense, arationa number between 0 and
min{ an}, not covered by I, which isacontradiction. Soweknow nsuchthata, 0. Smilarly
we must havean msuch that by, 1.

BWOC Suppose I, withby<lsuchthaa m n, an, by<byisfase anopeninterval C =
(bp, min({a,: a, > by} {1})), whichisnotin I, But sincetherational numbersaredense, a
rationa number in C, which contradicts the fact that {I,} covers A. Thus |, withb, <1, m
suchthat ay, bp < bm.

Consder T=( 1,) {bn} {a}. Clearly T coversAsince I, covers A. Furthermore since
an bn < by istrue under the conditions just stated, this implies that including {a,} and {b,} will
close any gaps between intervals. Since there are a finite number of open intervas, we are adding

only afinite number of pointsto T, and hence m*T = I(l,)). But T is now a continuous interva
with (0,1) T,usingthefactthat n, msuchthata, Oandby 1. Thusn*T 1-0=1. I(
ln) 1. QED.
Problem 6

Provethat: Givenany set Aandany >0, anopenset OsuchthatA O
andm*O m*A+ . ThereisaG G suchthat A Gand m*A=m*G.

Pr oof
Since Ainf I I, = m*A we know by definition of infimum that  a collection of open intervals
{In} where |1, nm*A+ > 0. Thuswe havethat O = I, isan open set with n*O =

',  m*A+ . Which givesusthefirst part of the Proposition

For the second part we merely haveto consder G= |, 4 O:, where O isthe O associated with a
specified in the first pat. Since A O >0, we know that A G. Also since G is an
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intersection of a countable collection of openintervals, G G . Findly sincentA m*O nFA+
, With 0 in our congtruction of G, we can therefore conclude that n*A=n*G. QED.

Problem 7
Provethat m* istrandation invariant.

Pr oof
Let Abeasetin ,thenweneedto show that m*(A+y)=nFA .

Let {14} be a countable collection of open intervals that cover A, then n*A = Ainf | 1.
Clearly {1+ y} will cover A+y, withm*(A+y) = Ainf | [ 1h y ,butl(Ay y)=I(Ay), S0
AinfI I 1n :Ainf I 1,y n*(A+y)=m*A. QED.

Problem 8

Provethat ift m*A=0,then m*(A B) =m*B.

Pr oof

IfA BthenA B =Bwhichistrividly true. Sowemay assume A B. Let{l,} denote open
coversof A, and {J,} denote open coversof B. Thus{l,}  {Jn} will cover A B. Furthermore

m* (A B) inf ln 1y = inf ' 1y =
A B I Jn A B lh dn

inf [, + inf [ Iy =nFA+nm*B=nB.
A B J

n n

ButdsoB A Bsonm*B n¥(A B). Thuswemust havethat m*(A B) =m*B. QED.



