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Problem 7

m a) For 1 < p < oo, we denote [? the space of all sequences < &, >, such
that )2, (€, |)? < . Prove the Minkowski ineqality for sequences

H<&E+n> 0, <0 <E>U+10 <1,> 1,
Here we have 1 < p < oo,

(n<&> ) =272106DP and 1 <1y > g, =sup | np |

m Proof

mCasel = p<o
n<g, > Iy = (Zv_l (& |)p)p >0 <&ty > “p—(z —1 (& +my |)p))p

If either &, or i, has norm 0, the proof is trivial so we may assume that each has norm greater than

1 and then define real numbers «, 8 > 0 such that 1 < f >,=1, n < % > 1, = 1.

~c|~

(2 (& +m )P)7 < (21 (& 1+l DP) T = (22 (] &[+8] 2 )))" =
(Z2i@+ B (55) | & [+(Z5) | %)) = (Z2 @+ B (55) (| & )"+ () (1% )7

since p = 1 and the quantities inside the distribution are each less than 1.

However expnading this expression and summing we see that it is in turn = (@ + §) * p, with p < 1.
1
So (s (& +mDPNr<a+B=u <& > up+u <n,> u, QED.
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m Case p = o0
W <my+& > o =suplé+n,l =< sup (& |+mD = sup [&] + sup |p| =
<& >l + 11 <1y > lle. QED.

m b) Show thatif <£, > e1? and <qv>elqwith%+§=1,then
Yol xm ]l = u <E> np xu <>y

m Proof

mCasep=1,g=

2311 |§v*77v|52311 [ & *SUPIUVI=Z§°=1|§VI A<y > Nl =11 <& > o 1 <1y > .

mCasel<p<o

Define a, = nv%. We may chosoe to assume that &, and 7, are positive since the norm is dependant
only on their absolute value. By Lemma3 = pst«&, %1, = prt«&, =, < (a, +t%£,)P —a,P

Summing both sides. Do Pty < 2oy (@ + 1 E)P — )P =
I <a,+txé > ||§-|| <a, > ||§s(|| <ay> lp+n <txé,> )l - <a, > ||§

Differentiating with respect to t we have that 272 p«&, %1, < psit <&, > 1, 1 <a, > ||§‘1
<& >, ok <n, > . QED.

Problem 10

m Let < f, > be a sequence of functions in L. Prove that < f, > converges
to fin L™ if and only if there is a set E of measure (0 such that f, converges
uniformly to f on E.

m Proof

Ja—= fInL®imples n f,—fieo—=0. ThusVe—->0dNsuchthat Vn>N, nf,—fi, <€ =
except on a set E of measure 0, |f, — f | < €. Thus f, is uniformly converges to fon E.

If £, uniformly converges to f except on a set E of measure O then ¥V € >0, A N such that V x € E
and n > N, |f,(x) — f(x)| <e. = excepton E, [f(x)| < |[fu(x)|+ € < esssup f,(x) +€. Thus fis
bounded a.e. and hence fis in L.
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Problem 11
m Prove that L* is complete.

m Proof

In order to show this we need that every Cauchy sequence of functions < f, > in L™ converges to
some fin L™.

Givene >0, AN such thatV m,n > N, u f, — f,, 1 <e, by definition of Cauchy. Since this is L®
norm we know that f,, — f;, is bounded a.e. by €.

Define the pointwise limit f(x) = { 1my, fn(X)OtL ! ‘:]:i;er:m exists
m’

It suffices to show that esssup f < oo, since if f;, converges then it must converge to fa.e.

Since f, — f 1s bounded a.e. by €, except on a set M of measure 0. However if we consider the
collection of all such M ¥ m > n, we have a countable collection of sets of measure zero so there
union is also a set of measure 0. Thus |f,(x) — f(x)| <€ if lim,_ f,(x) exists. Since f, is in L™ it
is bounded by some ess sup @. Then where the limit exists, fis bounded by a + €.

Thus we only need to show that the limit must exist upto a set of measure 0.
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Problem 16

m Let < f, > be a sequence of functions in L?, 1 < p < oo, which converge a.e.
to a function fin L?. Show that < f, > converges to fin L? if and only if

nf,n=>nfn
m Proof
If nf,n=ufu = nf,n=ufu-0 =

(ST = (a7 | = |[(fasD” - a7
fl =1 P L for p=1

- 0, since p=1. However || f,IP-(fN"| =

< f,>convergesto finL” > uf,—-fi» 0 (f(lfn—fl)p)% - 0. However, (|f, — f)’=
(fal=1f DP.

D019 29909902299999029999922999999

Demonstrate Proposition 8 fails at p = .

m Show that 3 f, g € L, such that V step functions ¢ and continuous
functions y, n f —¢pn, =2e>0and ng—-yn, =€>0.

m Counter-example on step functions.
in(L

Define f(x) = { sin(), x# 0.

0, x=0
Clearly f(x) is bounded by 1 and thus in L®. Consider a step function ¢ on partition
A ={0=¢& <& <& <... < éy =1} Leto denote the size of the smallest interval in the partition.
Consider intervals of the form A,, = [#, m], forn e N. Clearly A, c [0, 1], and 3 infinitely
many A, of length < 6. So choose n, m such that A, c [&,, &,+1] and length A, < 6. Clearly by
construction |f(A,) | = [0, 1], so regardless of the value of ¢ over [&,, Envt]s |f — @ | =L over A,

2
Hence 1 f — ¢ 1100 = % Thus showing the counter example to Proposition 8.
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m Counter-example on continuous functions.
. 0, x=< %
Define g(x) = {

I
1,X>7

Clearly g is in L*. Consider a continuous function ¢ approximating g. By continuity at x = %, Ve
>035>0suchthatV |x— & | <, W(x) - ¥(5)| <e.

Suppose that zﬁ(%) = 0, then choose € = % and 3 the interval (%, % + 0) where ¥(x) < %, yetg=1

.. 1
over this interval so 1 g — ¢ 1, > R

1
Suppose that w(%) # 0, then choose € = and 1 the interval (% -0, %) where /(x) > )

2
1
So ng—vYi, = 1!1(27) . Thus 11 g -y, >0. Thus showing the counter example for Proposition

8 at p=oco. QED.
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