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Problem 12.2

Assumethat E; isasequenceof digjoint measurablesetsand E = E;.
Then A wehavethat

A E A E

Pr oof

If E has only one non-empty set element then this is trivial. Suppose E; has afinite
number of non-empty sets, then by the assumption of the induction hypothesis say that
E "!E, conformstothepropettythaa A E M} A E.

Consder E [;E, then A E = A E E, A E E,, snce E, is
measurable. However E E,, and exploitning the fact that each E; is digoint, we arrive a

A E= A E A E = "; A E. Thustheinduction is proved. Hence we
know for any finite sequence this property will hold.

Sso N A MNE N A E. However A N E A B,

A E A | .E N, A E. Theléft hand side is now independant of N so
we make take the right hand side to infinity. So A E i1 A E,yetweknow form
the propeties of outer measure that A E i1 A E. Hence

A E A E . QED.
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Problem 12.4

Prove Proposition 9- Let beasemialgebra of setsand anonnegative set
function defined on  with 0 if . Then hasaunique
extenson toameasureon thealgebra generated by if thefollowing
conditions are met:

i)Ifasst C istheunion of afinitedigoint collection C; of setsin , then
C C

i) Ifaset Cin istheunion of a countabledigoint collection C; of setsin , then
C C

a) Condition (i) impliesthat if A isthe union of each of two finite digoint

collections C; and D; of setsin ,then C, D;.
Pr oof

A C; by condition (i), but aso by condition (i) we have that A D;, so be the
transitivity of equality, G D;.

b) Condition (ii) impliesthat iscountably additive on

Pr oof

By Problem 5, we havethat all setsin  take the form of countable unions of setsin . However it
is dways possible to generate a digoint sequence of sets from an arbitrary sequence of sets, which
preserve unions, provide that we may take finite intersections and complements, as we can on a
semiagebra. Thusall dementsof  may be expressed in terms of the union of a countable dijoint
collection of sets.

This implies that condition (ii) is equivdent to A , A C;, for any digoint sequence
Ci ,suchtha C; A Which is exactly what is required to show that the measure is
countably additive.

In conclusion, property (i) gives us that the notion of measureon  is well defined and unique on
finite sets, and property (ii) gives us that countable additivity is preserved and that the value of A
isstill uniquely defined over countably additive unions.
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Problem 12.5
Let beasemialgebraof setsand thesmallest algebra of sets containing

a) Show that  iscomprised of setsof theform A= [, C; with C;

Pr oof

Clearly it isneccesary that  be closed under finite unions and thus it will contain finite unions of
eementsin . We need to show that this is sufficient to be closed under finite intersections and
complements.

Let A, B , suchthat A ', A, andB M Bj, where each st Ay and Bj isin . Then
A B 1A 1B = 1A TaBj= {1 1A Bj,butexchA B
since isclosed under finiteintersections. Thus A B isafinite union and hence an e ement of
of the appropriate form. By induction isclosed under finite intersections.

Consider A= ', Ci. However by definition of semialgebra, C; K 1Dik, WithDjx . Thus
A !, ¥iDix but Dk . Thus since is closed under finite intersections from
above, we must have that A

Hence isanalgebraof sets. That it isthe smallest algebra of sets containing  is clear from the
fact that any agebra of sets must contain the elements of theform ' ; Cj with , Y€t no other
elements have been added besides these.

b) Show that , S0 that and may bereplaced in theorems
by and ,respectively.
Pr oof
, thus . However contains all eements of the form ; ; G, where G
Hence for exch dementin  , A= [';C,A ; ;C. Thus = . Thus

= . QED.
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Problem 12.6

Let beacollection of setswhich isclosed under finite unions and finite
inter sections; an algebra of sets, for example.

a) Show that Is closed under countable unions and finite inter sections.

Pr oof

Wl by definition is the set of al sets generated by countable unions of setsin  so dl that
remans to be shown is that it is closed under finite intersections. Given
B with B , C . Thenwewanttoshowthaa B C . We know that there must

exist asequence of sets B; , witheach setin  suchthat B; B, since it appears in the
closureof  with respect to unions.

Define E tobethesequenceof setssuchthaa £ By C , since isclosed under finite
intersections. However the E Bi C B C. Thusthe intersection of any element of
withoneof isin . By induction we may intersect any finite number of elements in

with e ements of

Given two dements B, C , B, C ,thenweknowtha B C B Ci , where C; are
the elements of a generating sequence for C. Thisisequivalentto B C; , however we know
that B G from above, and thus taking the countable union will also bein . IS
closed under finite intersections.

b) Show that each set in Istheintersection of a decreasing sequence of
setsin

Construction

Clearly if the set in question is a member of then the result is trivia, since we just take every
term in the sequence to be that set.

Given B , B ,then asequence B ; gofsasin  suchthat B; B.

Define A i 1B 1B, with Ay Bi. Given any dlement x B, x By, Kk,
hencex A, i. Giveny B,y ByforsomeNandhencey A, i N. If Nistheleast
such N that workstheny A, 1 N, and thus A's form a decreasing sequence and A B.

Thus we have a countabl e intersection of decreasing setsin A thatyieldsB A
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Problem 12.7

Let beafinitemeasureonanalgebra ,and theinduced outer
measure. Show that a set E ismeasurableif and only if for each > O0there
iIsaset A , A E,suchthat E A

Pr oof



