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Problem 9

� Show that if E is a measurable set, then each translate E + y of E is also 
measurable.

� Proof
E is measurable so � A, we have m*A = m*(A � E) + m*(A � E

�
).  We also know from Problem 7

that outer measure is translation invariant.
Thus  m*(A + y) = m*A = m*(A � E) + m*(A � E

�
) = m*((A � E) + y) + m*((A � E

�
) + y), � y.

m*((A � E) + y) + m*((A � E
�
) + y) = m*((A + y) � (E + y)) + m*((A + y) � (E

�
 + y)), from the

nature of intersection.  But any set B may be written as A + y, thus � B, m*B = m*(B � (E + y)) +
m*(B � (E

�
 + y)) = m*(B � (E + y)) + m*(B � ~(E + y)), since ~(E + y) must equal (E

�
 + y) from

the fact that both ~ and + are 1-1 operations on sets.
The last equality thus shows that E + y is measurable, QED.



Problem 10

� Show that if E1 and E2 are measurable, then m(E1 � E2) + m(E1 � E2) = 
mE1 + mE2

� Proof
Since each is measurable we know that mA = m(A � E1) + m(A � E1

�
), mA = m(A � E2) + m(A �

E2
�

), � A so mE2 = m(E2 � E1) + m(E2 � E1
�

) and mE1 = m(E1 � E2) + m(E1 � E2
�

)
Thus mE1 + mE2 = 2 * m(E2 � E1) + m(E2 � E1

�
) + m(E1 � E2

�
).

However A � B = (A � B
�
) � (A

�
 � B) � (A � B).

On  inspection  we  see  that  the  three  groupings  on  the  right  hand  side  of  the  last  expression  are
pairwise disjoint and hence m(A � B) = m(A � B

�
) + m(A

�
 � B) + m(A � B).  Thus  2 * m(E2 � E1)

+ m(E2  � E1
�

) + m(E1 � E2
�

) = m(E2 � E1) + m(E2  � E1).  � m(E1 � E2) + m(E1  � E2) = mE1 +
mE2, QED.

Problem 11

� Show that the condition mE1 < � is neccesary in Proposition 14 by giving a 
decreasing sequence <En> of measurable sets with � = � En and mEn = � 
� n.

� Example
Let En = (n, �), � n � �.  Thus mEn = � � n � �, En�1 � En, En is measurable and � En = �.

Problem 14

� a) Show that the Cantor ternary set has measure 0.

� Proof
Let  C0  =  [0,  1]  and  let  Cn  denote  the  Cn	1  with  open  intervals  of  length  3	n  removed  from the
center of each  of the 2n	1 continuous interval in Cn	1.  Thus Cn is the nth stage in the construction
of the Cantor set 
 � and � � Cn, � n.  Since Cn	1  � Cn  and mC0  = 1 < �, by Proposition 14, we
have that m(�n�0

� Cn) = limn�� �m
C�n.  However � � �n�0
� Cn  since � � Cn, � n � 0 � m(�) �

m(�n�0
� Cn) = limn�� �m
C�n = limn�� � 2�����3 �

n
 = 0.  Thus m(�) = 0.  QED
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� b) Let F be a subset of [0, 1] constructed in the same manner as the Cantor 
ternary set except that each of the intervals removed at the nth step has 
length �3�n with 0 < � < 1.  Then F is a closed set, F

�
 dense in [0, 1] and mF 

= 1 - �.

� Proof
Let Fn denote the construction at the nth step.

� Closed
Consider Fn

�
 which must be open � n.  Since F

�
 = � Fn

�
, we know that F

�
 must be open since infinite

unions of open sets are open.  Thus F
��

 = F must be closed since its the complement of an open set.
QED

� F
�

 is dense in [0, 1]
Suppose not, then � a, b � F

�
 � [0, 1], with a < b, such that (a, b) � F

�
 = �.  Thus (a, b) � F, with a,

b  �  F.   But  this  contradicts  the  contruction  of  F  since  every  continuous  interval  must  have  its
middle removed for some Fn and (a, b) never did since the entire interval is in F.  Thus � a, b � F

�

� [0, 1], with a < b, � c � (a, b) � F
�
.  Hense F

�
 is dense in [0, 1].  QED

� mF = 1 - �
At  each  phase  2n	1  intervals  are  removed  of  size  �3	n.   Hence  mF  =  m([0,  1])  -

�m�Intervals Removed� = 1 - �n�1
� 2n	1��������������������3n = 1 - �������2 
�n�1

� � 2�����3 �
n
 = 1 - �������2 *

2������3��������������
1	 2������3

 = 1 - �.  �  mF = 1 - �.

QED

Problem 15

� Show that if E is measurable and E � P, then mE = 0.

� Proof
Suppose BWOC that mE > 0.  Then we know that mE = m(E �

�
 y), � y.  Let <Ei> be a sequence of

disjoint sets defined by Ei = E �
�
 ri, with � ri
 �n�1

�  being an enumeration of the rational numbers in
[0, 1).  Clearly � Ei � [0, 1] so m(� Ei) � m[0, 1] = 1, but since Ei are pairwise disjoint, m(� Ei) =
� mEi = �.  Which gives a contradiction.  Hence mE = 0.  QED
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Problem 16

� Show that, if A is any set with m*A > 0 then there is a non-measurable set E 
� A.

� Proof
Let An denote A � [n, n + 1), � n � �
Since An are disjoint we know that m*A = m*(� An) = � m*An  � � n such that m*An > 0.  Let P
denote the standard non-measurable set,  <ri> be an enumeration of  the rationals  and Pi  = P  �

�
 ri.

Let B  = (An  -  n).   Let Bi  = B  �  Pi.   By problem 15,  if  Bi  is  measurable then it  must  must  have
measure 0.  Since {Bi} are pairwise disjoint and � Bi = B we must have that 0 < m*B � �i�1

� m*Bi =
0.   Which  is  a  contradiction  thus  �  a  set  �  B  which  is  not  measurable.   Finally  by  translation
invariance of m* we know that � a set � An � A which must be not measurable.
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