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Problem 18

m Show that (v) does not imply (iv) in Propostion 18 by constructing a
function f such that {x : f(x) > 0} = E, a given non-measurable set, and such
that f assumes each value at most once.

H Counter-Example
Let E = the standard non-measurable set on [0, 1]
Letfw={ " €% defined on domain [0
et fix) = x x¢E efined on domain [0, co)

Thus {x : fix) >0} = E, and f(x) = @ has at most one solution for any @, namely « or -a.
Hence {x : fix) = @} is measurable ¥ a but {x : f{x) >0} is not measurable.
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Problem 19

m Let D be a dense set of real numbers. Let f be an extended real-valued
function on R such that {x : f(x) > a} is measurable Y « € D. Show that fis
measurable.

m Proof

We wish to show that {x : f{x) > @} is measurable ¥ @ € D is equivalent to the condition {x : f{x) >
a} is measurable VY a.

Take B ¢ D then define A, = {x : fix) > 6,, with 6, € (B-~, ) (\ D}.
We know that (,8-% ,8) ( D is non-empty VY n since, D is dense.

Consider M2y Ay € N2 fx: f@) > B— —}={x: fix) = B}. But {x: fix) = B} c N2 Ax
since VY n, 6, <B. Thus (2, A, = {x: fix) = B} which means that {x : f(x) = 8} is measurable and
hence by Proposition 18, {x : f{x) >} is measurable, so {x : f{x) > a} is measurable ¥ a. QED

Problem 20

m Show that the sum and product of two simple functions are simple.

m Proof

" XANB = XA * XB
1, ifxe A(B

0, ifxe¢ A B
1, ifxe Aandxe B

0, ifxeAorxe¢ B
Butxe Aandxe B xe A(Band, x¢Aorx¢ B x¢ A B, thus yans = xa * xa
QED.

XAﬁB={

XA*XB={
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B YAUB = XA+ XB — XA * XB
1, ifxe AUB

XAUB:{O, ifxe AUB
1, ifxeAorxeB
XA+ XB = XaxXB=Xa+ X8~ Xans={, ifxe Aandx B
But x € A or x e Be x e AJ B and, x¢A and x¢B © x ¢ A |U B, thus
XAUB = Xa + xB — xa * xp. QED.

mxya=1- xa
i _{0, ifxre A
XAZV1 ifxe A

| _{I—I:O,ifxeA
XATU1_0=1 ifxeA
Thus y4 = 1 - ya. QED

Problem 21

m a) Let D and E be measurable sets and f a function with domain D |J E.
Show that f is measurable if and only if its restrictions to D and E are
measurable.

m Proof

fis measurable < {x : f(x) > @, x€ D |J E}is measurable ¥ a.

A={x: f(x) >a, xe DUE}=B={x: f(x) >a, xe D}UC={x: f(x) > a, x€ E}
Clearly if B and C are measurable then A is measurable as the union of measurable sets.

Since D is measurable, we have that A ~ D is measurable if A is measurable, but A ~ D = C, so C
would be measurable, and similarly A ~ E = B gives B measurable. Thus if A is measurable B and

C are measurable.

Since B and C are equivalent to f restricted to D and E respectively, we must have that f is
measurable if and only if its restrictions to D and E are measurable. QED.
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m b) Let f be a function with measurable domain D. Show that f is
measurable iff the function g defined by g(x) = f(x) forx € D and g(x) =0
for x ¢ D is measurable.

m Proof

fis measurable & {x : f(x) > @, x € D}is measurable ¥V «.

Vaz=0,{x:gx)>a}=1{:f(x) >a, xe D}, thus {x : g(x) > a} is measurable iff f is
measurable.

Va<0,{x:g(x) > a}={x:f(x) > a xe D} {x :x¢ D}.

However the first term on the right is clearly measurable iff fis measurable, and the second is just x
e D, but D is measurable since D is measurable. Thus {x: g(x) > a} is measurable for a < 0 iff fis
measurable.

- {x:g(x) > a}is measurable Y « iff fis measurable, so g is measurable iff fis measurable. QED

Problem 23
m Prove Proposition 23 by establishing the following lemmas:

m a) Given a measurable function f on [a, b] that takes the values + co only on
a set of measure 0, and given € > 0, 3 M such that |fl < M except on a set of
measure less than e/ 3.

m Proof
We know that A ={x: f(x) = —a} and B={x: f(x) < a} are measurable for all a.

Thus C, = A () B is measurable = {x: |f(x)| =< a}.
We also know that C, o C,,1, since a <a + 1.

Furthermore we know that since fis infinite on only a set of measure 0, then 3 e such that mCp, <
co. Thus by Proposition 14, we have that m (%2 Coprn = limy_se mCyyyn = 0. Hence by
definition of limit, 3 D = C;OM, for some n, with mD <€/ 3. QED.



MATH630-3.nb 5

m b) Let f be a measurable function on [a, b]. Given € >0 and M, 3 a simple
function ¢ such that If(x) - ¢(x)| < € except where If(x)| =M. Ift m <f <M,
then we may take ¢ so thatm < ¢ < M.

m Proof

Let ¢ be a simple function with values of n*(e / 2) where n € Z () (-(M+1)*2/e, (M+1)*2/e). Thus
simply choose the value for n that satisfies If{x) - ¢(x)| < € when |[f(x)| < M & -€ - fix) < - ¢(X) < -f(x)
+e=2e+f)>eX)>f(x)-e>e+fix)>n*e/2)>fx)-e=>1+fix)/e>n/2>fix)/e-1=2+
2*%fix)y/e>n>2*fix)/e-2.

Such an n being guaranteed to exist by the fact that 3 at least one integer in every range 1 + a > x >
a - 1. Thus we have defined ¢ such that it has the neccesary property. This construction will
clearly yield results of the form m < ¢ < M, when m < f < M, except possibly within € / 2 of the
bounds where we may choose the bound itself to satisfy our criterion.

m c¢) Given a simple function ¢ on [a, b], 3 a step function g on [a, b] such that
g(x) = ¢(x) except on a set of measure less than e/ 3. If m < ¢ < M then we
can take g such thatm < g < M.

m Proof
Let 6 = bz;,,“, define [a,,, b,,] = [a + (m-1)%0, a + m*6 |, with m € Z () [0, 2"]. Thus [a,;, byl
partition [a, b] into n intervals of width 6.

We know that ¢(x) = X% 8% x4, with A; = {x : ¢(x) = Bi}.
Define g(x) = ¢(&n), Y x € lay, by), with &,, = B; such that m(A; () [a, b,y)) 1s the max over all i.

Clearly g(x) is a step function and in the limit n — co we have that g(x) = ¢(x). Also we have that
m({x : g(x) =p(X)}) = Z,%:z 1m(A; () [am, b)), for the A; associated with &,,.

Hence K, = m({x : gX) # ¢(X)}) = Z2_im(A; () [y, b))

However K, forms a strictly decreasing series since for successive n, each pair of new partition
pieces must cover at least as well as the original. And we know that limit K,, —» 0 so, 3 n such that
K, <€/ 3V e>0. Thus 3 some step function g conforming to the same bounds as ¢ that will have
g(x) = ¢(x) except on a set of measure less than € / 3.
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m d) Given a step function g on [a, b], 3 a continuous function % on [a, b] such
that h(x) = g(x) except on a set of measure less than e/ 3. If m < g <M then
we can take i such thatm < h < M.

m Proof

Clearly for any interval [c, d], we may construct a continuous curve joining g(c) and g(d).
Since g is a step function, 7 a partition xy < xj < ... < xy such that for each interval (x,, x,+1), g(X)
assumes only one value. Let v,(x) be any continuous function joining g(x, — m) and g(

X, + m), which does not exceed its boundary points, forn € Z () [1, N-1].

g, if | x—x | = ¥V 1
Define h(X) :{ | n | 6 (N+1)

. =<
Va(x), if |x—xn Wil)

Thus h(x) is neccesarily a continuous function and h(x) = g(x) except for N intervals of length

€ . exN €
2 % S which has total measure =D <3

continuous h satisfying the conditions. QED.

Thus by explicit construction we have found aa

Problem 29
m Give an example to show that we must require mE < co in Proposition 23.

m Example
Let E = (-c0, c0). Let fu(x) = =-. Thus f,(x) - 0.

Take € > 0. Then |f,(x) — 0] = [f,(x)| <€V n=some N implies that | x | < N*e.

Hence B = (-N*e, N*€) is the collection of all x such that |f,(x)| <€V n=N. Thus B = A = (-0,
-N*e] | [N*€, oo0) is the smallest set such that V x € A and V n = N, |f,(x)| <e. This is true
because if we were to remove any element of A, we would add an element to A with |f,(x)| = €.
Hence the measure of any set, K, with the neccesary property of Proposition 23 will be larger than
mA = co. Thus ¥ ¢ >0 we have mK = oo > ¢. Hence showing a counter-example.



MATH630-3.nb 7

Problem 30

m Prove Ergoroff's Theorem: If <f,> is a sequence of measurable functions
that converge to a real-valued function f a.e. on a measurable set E of finite
measure, then given 1 > 0, 9 a subset A c E with mA < 5 such that f,
converges to f uniformly on E ~ A.

m Proof

Define A; c E for i € N with mA; < 6; = 275y and a smallest N; such that ¥ x ¢ A;, and all n = N, |
[u(x) = fo)l<eg = % We know that A; exists by Proposition 24.

LetA= A, ThusmA<Y mA;<Y 27 'n=n.
Since A=~JA,, = A, =V x eE~ A that f, converges to f since |f,(x) — f(x)| <€, = 0.

Thus we have f, converging with some N,, depending only on €,,, when f,,(x) restricted to A. So it
demonstrates uniform convergence. QED



