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Problem 3

L et f be a nonnegative measurable function. Show that f  Oimplies
that f Oae

Pr oof

BWOC, supposef Oae Then someset EwithmE>Osuchthat f x 0, x E.
Snce x fx O an X fx 1 weknow tha the countable sum of the measures of the
sets on the righthand side is greater than or equal to the measure of the left hand side which is non-
zero. S0 Nsuchthatif A= x fx & ,thenmA>0,

Definehx ~ min f x, &, x Thushx fx, x LetF A suchthaO<nF<

We know f sup g, and f e f, the latter coming from the fact that since f is
g f
nonnegative  and Ff f F with f ¢ f, X. This  implies

f rf sup g gh ,{I mF 0. Thus f 0, which contradicts the
g f
assumptionthat f O, whichimpliesthat f 0Oae QED
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Problem 4
L et f be a nonnegative measur able function.

a) Showthat anincreasing sequence . Of nonnegative simplefunctions each of
which vanishesoutside a set of finite measuresuch that f  lim .

Construction
m 1 m 1 m i 2N
. , X n, n suchthat ", f x rand m Nwithm 2
Define = 2 2 S 2
0, otherwise
Thus |, assumes exactly 22"-1 non-zero vaues over a set of messure  2n. Thus , is a
nonnegative simple function and vanishes except on a set of finite measure.

Furthermore we can show that | 1 n X and n asfollows. Suppose , x = 0 then clearly
n1X 0O thussuppose X = mznl for some integer mwith 0 <m 22", This implies that

ml ofx emtooml o fx M o2m put if m 1 22", then dearly
2m 1 2 2" 22nl sthuswehavetha n1x 2ot M ox, soitsan
increasing sequence.

Now we need only show that f =lim .

Let [x] denote the least natural number  x, and log, x = to the logarithim base 2 of x, with log, 0 =

Given >0 and some xg, wemay choose N =max{[ xo ], log, ,[log, f Xo]}.
Wewishtoshowthat n>N, X% fXx <.

Sncen> X Xo ,» We have that xg n, N SO Xg meets the first condition for assigning a
non-zerovaueto p X .

Since n > [log, f Xg] > log, f xg, we know that 20 29%fx»  fx,.  So
f Xo 5‘; 222n" 2" for somem N, m 22" Thus Xy meets the second condition for
assigning anon-zero valueto p Xg .

Findly sincen> log, ] and n meets the requirements to assign Xg a particular non-zero value,

weknowthat nx fx  tothespacingof thevaluesof o= , <, o L= . Thus

nx fx <. n convergespointwisetof x. So f=Ilim .
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Thus we have constructed a |, satisfying al required properties, QED.

b) Showthat f sup over all smplefunctions  f.

Pr oof

By definition f  sup h, where h is a bounded measurable function with m x: hx 0 is
h f

finite.

We may of course limit ourselves to taking the sup over dl h' x suchthath' x max hx, 0.
However all such h' x are nonnegative measurable functions. The measurability of h' x deriving
fromthefactthat x: hx 0 andtheset x: hx 0 must both be measurable.

Hence we may apply part @) and concludethat h' x, anincreasing sequence |, such that
n N x. Thusby Proposition 10 we havethat h' lim ,whichequasthesup , sinceit
is an increasing sequence. Thus the sup over some subset of al such simple functions must be =

sup h= f.So f sup
h f

However f, and since we are considering a sup we may assume that 0. Thus by Proposition
8 we have that f.So f sup

f sup ,overdlsmplefunctions f. QED
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Problem 5

L et f be a nonnegative integrable function. Show that the function F
defined by

X

F x f

Is continuous by using Theorem 10.

Pr oof
In order to show continuity weneedthat F a =limy s F x, x.  Wenead 2 f=limy 4 § f.
1
Define f, Fx, a. N then fj, is an increasing sequence with f, fasn x (-,
0, otherwise
a).
x<a wehavethat = f ? fyforsomeNsuchtha x a Noa N> b

Thuslime o~ f limy  ° f,, and by Theorem 10 we havethat lim,  ~ f, - f. But
X a
dsoweknowthat xsuchthatO<a-x< <1, wehavethat = f fu, M< 1 thusas
X a
Ointhelimitx a ,wegetthatlimy 4 flimy fi.
a

Solimg o f  limg o f, f

Now consider limy 4 § f 2 foolimyg 4 axf, by Proposition 12. We know that since f is
integrable f < ae. Snce if f = on some set, A, of measure > 0, we would have
f mA , whichisfdsesince f , by definition of integrable. Thus without loss
of generality we may assumethat f <  everywhere since thiswon't change it'sintegral. Now since
f is finite over a closed interval we know that f is bounded over that interval. Let N(X) be the
maximumof f y 'y [a x]. Hence, axf ma, X]*N(x), by Proposition 5. However it is clear
thaa N x; NXx,ifa X X. Thuslimy a axf limg 5 ma, x Nx =0.
Thus limy a  f f limga of f. Hence " f =lima f Fa =
limy 4 F x. Fiscontinuous.
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Problem 6

Let f, beasequenceof nonnegative measurable functionsthat
convergetof,and suppose f, f n. Then

S lim fy
Pr oof
By Fatou'sLemmaweknowthat f |lim f,. Alsosincef, f n,weknowtha f, f,
n, andthuslim f, f.
However lim f, lim f, by definition of lim sup and lim inf. So by squeezing,

lim f, f lim f, lim f, QED

Problem 7
a) Show that we may have strict inequality in Fatou's Lemma.
Pr oof

Consider thesequence  f,, definedby f, x =1ifn x n 1, with f, x  Ootherwise.

X, N >Xx, suchthat f, x O, n>N. Thusf, f=0.So f O howeverlm f, 1,
snce nwehae f, 0 . 1 1 ThusO 1  f lim f, QED

b) Show that the Monotone Conver gence Theorem need not hold for
decreasing sequences of functions.

Pr oof
Let f, x =0ifx nandf,x =1forx n.

X, N>xsuchtha fyx 0, n>N. Thus f;, f =0. Hence f 0. However consider

1
lim fn. f, . f. 1 Hencelim f, 1 0. Hencelim f,  f. QED



