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Problem 10
m a) Show that if f is integrable over E then so is |f | and

et | = Je 11
Does the integrability of | f | imply integrability of f?
m Proof
fis integrable = f* and f~ are each integrable. However |f | = f* + f~, so by Proposition 15ii,
we have that If | is integrable and fE lfl = fE ft+ fE f. Also

, but since f* and f~ are nonnegative we can drop the

e f | = Wef* = Jes| s}fEf+|+|fEf—

asbsolute value signs, so | e f | < fE ft+ fE [~ = fE |f|. So we have shown the first part.

If| = f*+ f~,So|f|integrable = (f* + f7) is integrable. However the set A = {x | f*(x) # 0}
is disjoint from the set B = {x | f~(x) # 0}, and A and B must be measurable iff f is a measurable

function. Thus by Proposition 15, [p(f* + f7) = [ p(f* + f7) = Juf* + Jpf~. Thus f* and
f~ are each integrable iff fis a measurable function.

But this implies that fAf+ —fo‘ = fAUB(]” -f7) = fEf, is integrable. Thus |f | implies
integrability of fiff fis a measurable function.
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m b) The improper Riemann integral of a function may exist without the
function being integrable. If f is integrable, show that the improper
Riemann integral is equal to the Lebesgue integral whenever the former
exists.

m Proof

Let R fab f dx, be a Riemann integrable function with improper limit point a, and f defined for all x
€ (a, b]. Note that if any other point in (a, b] is improper, we may into two or more integrals each
of which with one improper limit point so we need only assume one limit is improper. In particular
we know from analysis that improper points must be disconnected in order for a function to be
Riemann integrable. WLOG I assume that a < b, but all parts of the proof may be reversed for a > b,
and will still hold accordingly.

m Case lal < oo

Then consider the sequence of measurable integrable functions < f,>, such that
(J&®), at+l/n<x < b
Jnlx) = { 0, otherwise , ,
Theorem 16 we have that fa f = lim fa fu- But by construction we must have that f,(x) is

. Then lim f,(x) = f(x) a.e. Also we have that |f,,| < f. Thus by

b b
bounded, which allows us to apply Proposition 4 to get that fa fn = R fa fu, and hence
. b _ b b b b b
hmfafn = hmeafn =Rfahmfn=Rfaf. Sofaf = Rfaf.

m Casea=-o00

Then consider the sequence of measurable integrable functions < f,>, such that

B fx), —-n=x=<b
Jnlx) = { 0, otherwise , ,
Theorem 16 we have that fa f = lim fa fu- But by construction we must have that f,(x) is

. Then lim f,(x) = f(x) a.e. Also we have that |f,| < f. Thus by

b b
bounded, which allows us to apply Proposition 4 to get that fa fn = R fa fu» and hence
. b , b b b b b
lim [, f, = imR [, f, =R [, limf, =R [, f. So [ f = R f. QED
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Problem 11

m If ¢ is a simple function, we have two definitions for f ®,
f $ = f ot — f ¢~ and f ¢ = Y., aimA;. Show that they are equal.

m Proof

Consider [¢ = [¢* - [¢~, By problem 4b, we know that ¥ nonnegative measurable functions f,
f f = sup f ¥, with the sup taken over all simple functions < f, and the right hand side evaluated
according to the old rule for integrating step functions. Since it follows immediately from the
definition of f* and f~ that ¢* and ¢~ are simple, we can thus deduce that
Jer =sup [y = Xt bimBi,  [¢7 = sup [¢ = X2 ¢;mC;, where ¢t = XL, b xp, and
o~ =3Y2icixc. So [@= [¢t—[¢™ =38 bijmB; - X2 cimC;, also we know that
B; N C; = @ Vi, jand each b; corresponds to some a j > 0 and each ¢; corresponds to some
aj < 0, so 2?211 b, mB; — 27:21 c;mC; = :1:11 b, mB; + Z:lzzl (=cp)mC; = Z?:l a; mA;. Since the
sets C; and B;, must follow the same correspondence. QED.

Problem 12

m Let g be an integrable function on a set E and suppose that < f, > isa
sequence of measurable functions such that | f,(x) | < g(x) a.e. on E. Then

Jplim f, <lim [pf, <Tm fof, < [;Tm f,
m Proof

We know for free that lim_ [, £, < Tim [, f,, since this is true for any lim sups and infs.
We only need to show that f,;liﬁfn < mefn andmefn < fEan

f» 1s measurable and bounded by an integrable function, therefore f,, is integrable. Also we know
that lim f, < f;, V n thus By Proposition 15iii, we have that fEm fn < fEfn YV n=
fEm fn < lim fE fn. A similar argument for lim sup f,, = f, gives us that lim fE fn < fEH fs
and thus we are done. QED
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Problem 15
m Let f be integrable over E. Then given € > 0,

m a) 1 a simple function ¢ such that

Jelf—ol <e

= Construction
Since Jg1f ¢l =1 Jof —¢|=|lef - Jee|= |/ show that the
latter is less than €. If we further specify that A = {x | f*(x) # O} and B = {x | f~(x) # 0}, then
we may clearly choose ¢ = 0, ¥V x € E~ (A U B). So we may further simplify the above
expression to | fpf* = o~ = Jpo| =| fef* = Jef = Lie - Js o] =

which again all that we need to show is that this new expression is less than e.

By Problem 4, we know that ¥ nonnegative measurable functions f we have that f f = sup f ®,
taken over all simple functions ¢ < f. Since f* and f~ are nonnegative measurable functions we
know there must exist simple functions ¢g and ¢; respectively such that 0 < f ftr- f ps < €/2
and 0<ff‘—fg01 < €/2. The second implies that O sff‘+f(—<,01) < €/2. Thus if we
choose ¢ over A = ¢ and ¢ over B = —¢;, then we have that
|fEf ng0|—|fEf +fBg0| <€/2+¢€/2 =€ Thus we have shown the construction as
required.

= a) 1 a step function ¢ such that

Jelf w1 <e

m Construction

By the Question 3.23c, which part of the proof to Proposition 22, we know that 3 a step function ¢
such that ¢ = a simple function ¢ except on a set of less than € / 3 and if M bounds ¢ then M bounds
Y,Y e>0. Lete>0 and ¢ be a step function such that fE |f —¢| <e€/2. Let N be a number such
that Igo(x) | <N,V x. This is possible since simple functions are always bounded. Choose ¢ such
. Thus

N
Je 1 - wl—fENAIf o| + | f-v| < fealf-el + Lif-ul = Joalf-¢l +

Jf—e+o—-vl=foalf-—el+ [i0f—¢l+l = 0D < fpal f- <p|+fA|f ol + fylo—w]
<€e/2+2*N*mA=€/2+2*N*

o =€

Therefore fE If -y <e.
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= a) d a continuous function g such that

Jelf-gl <e

m Construction

By question 3.23d, we have that 3 a continuous function g such that g = a step function ¥ except on
a set of measure less than € / 3, which agress with the bounds on . With this we may replace the
occurances of ¢ in the above proof with ¥ and ¢ with g and the proof will precede identically,
except that we have to infer the boundedness of ¢ from the boundedness of the preceding ¢. Thus
we may construct g such that fE lf —g| <e.



