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Problem 7

a) Let f be of bounded variation (BV) on a, b . Show that for each

c a, b thelimitof f x exisssasx ¢ andalsoasx c . Provethat
amonotone function (and hence a function of BV) can have only a
countable number of discountinuities.

Pr oof

Lemma: For amonotone BV function gon a, b , thenumber of discontinuies such that
0, g x g X nl, n , isfinite.

BWOC Suppose this number is infinite. Since it is a BV, we know that g is strictly rea vaued.

However we can start at X &, and proceed towards b such that each discontinuity we choose

succifiently small that  infintely many disconinuties between the current location and b. Thus we

experience arbitrarily many increases of at least ﬁ which since g is monotonic implies that

gb , whichiis acontradiction. Hence the number isfinite.

The number of discontinuities of g asaboveisat most countable.

Let A, X gX g X nl, > (0}. Itis clear that any discontinuity of a monotone
function must be in some A, for n sufficiently large. So the set of all discontinuitiesis |, 1 An,
which must be countable since it is a countable union of finite sets. Thus the number of

discontinuitiesis countable.
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Thelimitof f x existsasx ¢ andx ¢

Consider afixed c. Suppose  >Osuchthat fover ¢, c, contains no discontinuties, then f is
continuousin that regionand limitof f x asx ¢ exists.

Thus we may assume that >0 adiscontuinity in f over the region in question. We need to
show that given >0, >0,suchthat xwithO c X fx fc . However we
know that f is BV and thus the sum of two monotone functions g, h. Thus by the first lemmathere
exist only finitely many pointswith gx gc nl . Sowe may take sufficiently small such that
al points of differance > , are more than away. Similarly for h. Since they contribute with
oppositesign, f x f ¢ , were  isthe minimum of thetwo 's needed.

Hencelimitx ¢ exists. The proof however clearly proceeds likewisefor x ¢ . QED

b) Construct a monotone function on a, b which isdiscontinuous at each
rational point.

Construction

Let the sequence r; ; 4, be an enumeration of the rationals in the interval 0O, 1. Define

¢ r,xX r
' 0, x r

Letf x ;1f x 4. Clamtha f issuchafunction asrequired.

Clearlly | 1f,x i 1 1 Thussince the lefthand side is a monotonically increasing
bounded series it must converge to some number less than infinity. Furthermore it should be clear
tha x,y 0,1 withx y wehavethaa someq XYy , Since rationas are dense. So
fy fx fqy 21N , for some N since al terms for which f, x  Oyidds f, x  f, y, and
fyx 0 fqy. Thusf x ismonotonicly increasing.

Furthermore p ,and h>0. fp h fp h fyp h 21N , using the above property.
However since p implies that f,p h fyp p Thus h > 0
fp h fp h R 0 Whichimpliestha fp h fp h R, solimth 0
limey p fx lime p fX zﬁ. Hence f x is discontinuous a p since the limits can not be
equal.

Thusf satisfies all the conditions desired. QED.
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Problem 8
a) Showthatifa ¢ b,thenT? TS TPandthat henceTS TP

Pr oof

T T
By definition T2 supt, where sup is taken over al possible partitions of a,b. However
t ikl fx fx 1 .Thenetherc X, forsomei,orc X, X 1, for somei.

If c X, then clearly we may split the partition over a, b into two partitions, one over a, ¢ and
the other over ¢, b, suchthat t2 isequal to tS + t2, for those partitions,

If ¢ X, X 1 then consider the partitiona X X .. X € X1 .. X b Inthis
partition t, is to the origind t t1, since f x 1 f X fx,1 fc fc fx
fxi1 fc fc fx ,Dbytriangleinequdity. If we bresk the new partition as above we
have two partitions about a, ¢ and c, b, respectively with t taken over these partitions summed =
t, t;. HenceTS TP TP

T T
Every partition p1, po over a, ¢ and c, b respectively can be used to form a partition over a, b

by joining the two a c. However T? = sup t over dl possible partitions, so this includes the
partition formed by the union of p; and p, and henceT? TS TP,

ThusT? TS TP. Showingthat TS TP.

b) Showthat T2 f g T2f TPg,andTPc f ¢ TOf.
Pr oof

T°f g TEf T2g

T°f g sptf g, where tf g Kiof gx f g x1 =
Kpofx g% fxi gx1 Ko fx fx1 gx gxai by thetiangle

inequality, however thislasttermisjustt f tg.

Thussupt f g suptf tg ,henceT8f g TPf T2g.QED
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TPc f ¢ TR

Toc f suptc f,wheretc f kKicfx cfxi1 = K¢ fx fxi1

Thussuptc f sup ¢ tf ¢ suptf henceTPc f ¢ TPf.QED

Problem 10

a) Letfbedefinedby f 0 Oandf x x2sin ; ,for x 0. Isfof BV
on 1,17

Answer

No. Over anyinterval a, b , thediffencefromx®sin 5, ,willbe=a?sin ; b?sin |, .
Suppose ais a minimum, thus 312 n 5, for someinteger n. Thus an adjacent maximum at
b such tha  n ,. So asnj Psn} = n12 1 n12 1=
i ond = am1 . However asthe number of partitions gets arbitrarily large we may
add abitrarily many tems of this form with n  increasing. So
TO, f N1 oapt n12 L , since the last series is a constant times the

harmonic series. Thereforefisnot aBV.
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b) Let gbedefinedby g0 Oandgx x2sin | ,forx 0. Isgof BV
on 1,17

Answer
Yes. Since g X issymmetricin x we know that it is suffiecent toshow that g x isBVon 1,0.

Consider a single trangition for a minimum to an adjacent maximum. It is clear that it will proceed
monotonicaly in this region. On inspection it is clear that t over a monotonic region will be
independant of the choice of partition and have the value equal to the differance of the end points.
(Either por nisO0).

From problem 8a) and an obvious induction it is clear that T2 may be broken into finitely many

pieces. We know that minima and maxima occur & sin 1 x=_ 1 . Itisobviousthat
2

T ;< , purely by inspection and our knowledge of basic calculus. Proceed by bresking T2 into m

pieces such that the first pieceis T ;, and the proceeding m-2 pieces follow for decreasing values
of n, and the last piece represents the tail going to 0.

Now we need to evaluate T over one these pieces that have been set up to run from alocal max to a

loca min or vice versa.  So the points in question have the form o N 11 L So
2
1 2 . 1 2 . _ 1 2 1 2 _
n ann 2 ni 5 snn 1 2 - n ni 5 -
2n *2,° o2 2% 4 ote that the inequalities depend on the fact
n ,*>n1 ,°? n1? n22 n24
that n< 0.
- 0 2 m2 2n ; 0 0
Now we want to consider thetotal T, T 1+ G o4 Tizil» Where Ty, isthe part not
covered in msteps. Taking limit m , the tail contribution must go to 0. So we only need that
2w g 2 M

the , 1 < . However this may be rewrittenas | 1 . However thisis

n2* 2 n*
bounded above by r'f; for n large, which is a convergent sequence. Thus our sum must converge.
Hence T, . SoTY x2sin 1 isBV. QED.

X
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Problem 14

a) Show that the sum and differance of two AC functionsare also AC.

Pr oof

Let f and g be AC. Let > 0. Then 1, 2suchtha 'y fx fx , and
T,gX  gXx 5 finite  collection  of intervals Xi, X, such  that
1% X min 1, 2.

However ') fx gx fx gx Tofx  fx  gx gx ,bytiangle

inequlaity. Further ', fx X g% gX <, ,=.

Hencewemay choose  min 1, » inorder to satisfy the condition and show that f gisAC.

Since f X fx = fXx fx = fx f % , weknow that f is AC implies
that -fiSAC. Sof gmustasobeAC.

b) Show that the product of two AC functionsisAC
Pr oof

Lemma: fisAC impliesthat f 2isAC.

Let f be AC with respect to a, b. Then we know that f is BV, and hence that since a, b isa
closed interval, that f isbounded. LeteM >0beaboundon f . Let >0. SincefisAC, >0

such that i”l f X fX% omo finite collection of intervals X, % , such that
1 X X

Consider N fx 2 fx ? = nofx  fx fx fx
Tofx fx f X f X Tifx fx 2M<,, 2M=.

Thus f 2isAC. Concluding the Lemma.
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If f,gareACover a, b thenf gisAC.

fg 09 i N * 9 but that both sums, differances and squares of AC functions are AC, so we
only need that constant multiples of AC functions are AC. But for ¢ f, wherefis AC it follows
immediately that for any > 0 we may choose f constrained by ., and the c will carry through to

makec f, AC. (Notec=0isobvioudy true.)

Hence f g can be gotten as a sequence of operations that perserve AC, soitisaso AC. QED.

1

c)IffisACon a b andif fisnever zerothere, thenthefunctiong [ is
asoACon a,b.
Pr oof
Sincef isnever O over aclosed interva, we know that  m> 0 suchthat f meverywhere. Let
>0. SincefisAC, >0,suchthat ['; fx f X .

: fx fx fx fx
Consider 'y (% (% = M1 x fx R

Thusg 1 iSAC. QED.



