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Problem 7

m a) Let f be of bounded variation (BV) on [a, b]. Show that for each
¢ € (a, b) the limit of f(x) exists as x -» ¢~ and also as x - c¢*. Prove that
a monotone function (and hence a function of BV) can have only a
countable number of discountinuities.

m Proof

= Lemma: For a monotone BV function g on [a, b], the number of discontinuies such that
Ve> 0,|gtx+e)—glx—e| ZL, ¥ neN,is finite.

BWOC Suppose this number is infinite. Since it is a BV, we know that g is strictly real valued.
However we can start at x = a, and proceed towards b such that each discontinuity we choose €
succifiently small that 3 infintely many disconinuties between the current location and . Thus we

experience arbitrarily many increases of at least L which since g is monotonic implies that

n°?

g(b) = oo, which is a contradiction. Hence the number is finite.

m The number of discontinuities of g as above is at most countable.

Let A, ={x||gx+€)—gx—¢€)] >Tl, ¥ € > 0}. It is clear that any discontinuity of a monotone
function must be in some A, for n sufficiently large. So the set of all discontinuities is ;. Ap,
which must be countable since it is a countable union of finite sets. Thus the number of
discontinuities is countable.
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m The limit of f(x) existsas x » ¢” and x - ¢t

Consider a fixed c. Suppose 3 € > 0 such that f over (c — €, ¢), contains no discontinuties, then f'is
continuous in that region and limit of f(x) as x —» ¢~ exists.

Thus we may assume that V € > 0 3 a discontuinity in f over the region in question. We need to
show that giveny >0, 36 >0, such that V x withO<c—-x<d = |f(x) — f(c)| <7y. However we
know that fis BV and thus the sum of two monotone functions g, 4. Thus by the first lemma there
exist only finitely many points with |g(x) — g(c) | >Tl So we may take ¢ sufficiently small such that
all points of differance > % are more than ¢ away. Similarly for 4. Since they contribute with
opposite sign, | f(x) — f(c)| <7y, were 9 is the minimum of the two ¢'s needed.

Hence limit x — ¢~ exists. The proof however clearly proceeds likewise for x - ¢*. QED

m b) Construct a monotone function on [a, b] which is discontinuous at each
rational point.

m Construction

Let the sequence < r; >, be an enumeration of the rationals in the interval [0, 1]. Define

r,X=r
0, x <r

S ={

Let f(x) = X721 fr.(0) = ZL Claim that f is such a function as required.

Clearly .72 fi.(x) = Zi < 22 ZL = 1. Thus since the lefthand side is a monotonically increasing
bounded series it must converge to some number less than infinity. Furthermore it should be clear
that V x, y € [0, 1] with x < y, we have that 9 some ¢ € (x, y) ()| Q, since rationals are dense. So
F) = fx) = fy(y) = ZLN for some N since all terms for which f.(x) # 0 yields f.(x) = f.(y), and
Jq(0) = 0 # fy,(y). Thus f(x) is monotonicly increasing.

Furthermore Vp e Q,andV 2 >0. f(p+h) - f(p—h) = fr(p+h)=* ZLN, using the above property.
However since p € Q implies that f,(p+h)= f,(p)=p. Thus V h > 0,
f(p+h)— f(p—h) =4 >0. Which implies that f(p+h)— f(p—h) = 4, so limit h - 0,
lim,, ,+ f(x) = lim,, ,- f(x) = 2LN' Hence f(x) is discontinuous at p since the limits can not be

equal.

Thus f satisfies all the conditions desired. QED.
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Problem 8
m a) Show thatifa < ¢ < b, then T? = T¢ + T? and that hence T¢ < T?.

m Proof

mT<TE+Tt
By definition T? = supt, where sup is taken over all possible partitions of [a, b]. However
t = Zle | f(x;) — f(xi—1)|. Then either ¢ = x;, for some i, or ¢ € (x;, x;+1), for some i.

If ¢ = x;, then clearly we may split the partition over [a, b] into two partitions, one over [a, c] and
the other over [c, b], such that 2 is equal to ¢ + 12, for those partitions.

If ¢ € (xj, x;+1) then consider the partition a = xg < x; <...<X; < ¢ < Xj4] <...< X, = b. In this
partition #, is = to the original ¢ =1¢, since |f(xir1) — f(x) | =] f(xiz1) — fO)+ fe)— f(x) | <
|f(xiv1) — f© | +] f(c)— f(x)) ], by triangle inequality. If we break the new partition as above we
have two partitions about [a, c] and [c, b], respectively with ¢ taken over these partitions summed =
t» = t;. Hence TS + T = TL.

mTt>T+ TP
Every partition py, p> over [a, c] and [c, b] respectively can be used to form a partition over [a, b]
by joining the two at ¢. However T? = sup ¢ over all possible partitions, so this includes the
partition formed by the union of p; and p, and hence 7% > T¢ + T°.

Thus 70 = T¢ + T?. Showing that T < T?.
m b) Show that T?(f + g) < TP(f) + T?(g), and T?(c * f) = |c | * T?(f).
m Proof

» TO(f +8) < TE(f) + T(g)
To(f +8) = supi(f +g), where (f+8) = St I(f +8) () = (f +8) (xi1) | =
T TFG) +800) = fxim) — g | = Xy (1 () = f(xi-1) | +g(x) — g(xi—1) |) by the triangle
inequality, however this last term is just #(f) + #(g).

Thus sup £(f +g) < sup (i(f) + 1(g)), hence T2(f + g) < T2(f) + T(g). QED
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m Toc+ f)=le| *TE(f)
TP(cx f) = supt(cx f), where t(cx f) = Sh_ylex fo) —cx fxis) | = Thylel #| f(x) = F(xio1) |
=le| * T | £ = fimD | = le] #10).

Thus sup#(c+ f) = sup |c| «1(f) = |c| =supt(f), hence TE(cx f) = |c| « T2(f). QED

Problem 10

m a) Let f be defined by £(0) = 0 and f(x) = x> sin(-)—cl-z—), for x #0. Isfof BY
on|[-1,1]?

m Answer

No. Over any interval (a, b), the diffence from x> sin(=), will be = a2 sin(=) — b2 sin(-5).
X a b
Suppose a is a minimum, thus a% =n*T— % for some integer n. Thus 7 an adjacent maximum at
1 ] o] 1 1
b such that - = nx7+ 5. So a2 sin(—7) - b? sin(3r) = . (-1- e 1=
2 -2 —8xn

G T i = AT However as the number of partitions gets arbitrarily large we may

add  arbitrarily many terms of this form with »  increasing. So
T0.(f) = X2, | Wff"‘l”m| = Z,‘f’=12*# = oo, since the last series is a constant times the
harmonic series. Therefore fis not a BV.
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m b) Let g be defined by g(0) = 0 and g(x) = x> sin(%), for x £ 0. Isg of BY
on|[-1,1]?

m Answer

Yes. Since |g(x) | is symmetric in x we know that it is suffiecent to show that g(x) is BV on [-1, 0].

Consider a single transition for a minimum to an adjacent maximum. It is clear that it will proceed
monotonically in this region. On inspection it is clear that ¢+ over a monotonic region will be
independant of the choice of partition and have the value equal to the differance of the end points.
(Either p or n is 0).

From problem 8a) and an obvious induction it is clear that 7% may be broken into finitely many

1

—. It is obvious that
n*ﬂi'z'

pieces. We know that minima and maxima occur at sin(%) =+1=>x=
-2
T, <oo, purely by inspection and our knowledge of basic calculus. Proceed by breaking 7% into m

=2
pieces such that the first piece is 7_5 , and the proceeding m-2 pieces follow for decreasing values
of n, and the last piece represents the tail going to 0.

Now we need to evaluate 7 over one these pieces that have been set up to run from a local max to a

local min or vice versa. So the points in question have the form [ — L__ ] So
nsm+5 ° (n=1)smn+ %
1 2 . P 1 2 . P _ 1 2 1 2 _
|( N+ 5 ) *SI( * 70 + 7) - ( (n—1)sm+5 ) #sin((n =17+ 7) | - |( n=+ 5 ) + ( (n—1)sm+ 5 ) | -
2(nsm)*+2:(5)’ 24(n’+ %) 2s(n+ 4 . ..
RV T Py o | note that the inequalities depend on the fact
that n < 0.
2 me
Now we want to consider the total 7%, < T +Zni"fl2) 2?;" ;)4) ‘ 0., where T2, is the part not
covered in m steps Taking limit m — oo, the tail contribution must go to 0. So we only need that

However this is

the ‘ 2(n? +4) ‘

: . 5
< oo. However this may be rewritten as ), 7, ‘ *(” + 4) ‘

n——l
bounded above by > for n large, which is a convergent sequence. Thus our sum must converge.
Hence 70, < co. So Tll < co = x? sm(;)ls BV. QED.
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Problem 14

m a) Show that the sum and differance of two AC functions are also AC.

m Proof
Let f and g be AC. Let € > 0. Then 3 §;, 6 such that X7, [f(x/)— f(x;)] % and
Yt 18(x’)—gx)| 55V finite  collection  of intervals  {(x;, x/)}, such that

izt 16 = x;] <6 =min {1, 62}.

However >0y | f(x/) + g(xi/) — f(xi) —g(xi) | = 2imy 1f () — f(xi) | +1g(x’) — g(x;) |, by triangle

inequlaity. Further 2, |f(x/") = f(x) | +1g(x") —g(x) | < 5 + =€
Hence we may choose 6 = min {01, d,} in order to satisfy the condition and show that f + g is AC.

Since |f(x) = f) | = |-(f (") = fG) | = I(=f(x")) = (= f(x:)) |, we know that fis AC implies
that -fis AC. So f — g must also be AC.

Hm b) Show that the product of two AC functions is AC
H Proof

= Lemma: fis AC implies that (f)? is AC.

Let f be AC with respect to [a, b]. Then we know that fis BV, and hence that since [a, b] is a
closed interval, that | f | is bounded. Let M >0 be abound on |f|. Lete>0. Since fis AC, 36 >0
such that X, |f(x/)— f(x)] 2<_1\€4 VY finite collection of intervals {(x;, x;”)}, such that
S - x5 <6,

Consider SN = (fa)? ] = Zic If Gy = fO) |+l fO6") + f(x) | <
i 1f ) = fO) 1 (f G T +If G D = Zisy 1f ) = fO) | +2M < 5537 +2M =€

Thus (f )% is AC. Concluding the Lemma.
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m If f, g are AC over [a, b] then f x g is AC.

fxg= w, but that both sums, differances and squares of AC functions are AC, so we
only need that constant multiples of AC functions are AC. But for cx f, where fis AC it follows
immediately that for any € > 0 we may choose f constrained by <, and the ¢ will carry through to
make cx f, AC. (Note ¢ =0 is obviously true.)

Hence f « g can be gotten as a sequence of operations that perserve AC, so it is also AC. QED.

Lis

m ¢) If fis AC on [a, b] and if f is never zero there, then the function g = r

also AC on [a, b].

m Proof

Since fis never 0 over a closed interval, we know that 4 m > 0 such that | f | > m everywhere. Lete
> 0. Since fis AC, 36> 0, such that 1, | £ (/) — f(x;) | < exm?.

Consider X,/ ; f(X>——f<X)> <3, | f(xi)n—g(x/) < e’

1| 7o = 7 | = 20 | ol T =e.
f(xt) f(‘xl) f(xl )*f(xl m

Thus g = % is AC. QED.



